We study all the possibilities of producing rotating flow in an incompressible fluid by electric and magnetic fields. We start with a general theoretical basis and look for different configurations and set-ups which electric/magnetic field and an electric current affect the vorticity of fluid resulting in rotation on liquid flow. We assume steady-state conditions and time-independent electric and magnetic fields as the external body torque. Regarding the theoretical basis, we propose three experimental set-ups in which by applying fields on a fluid, rotational vortices are produced: (a) a uniform electric field and a uniform electric current, (b) a uniform electric current and a non-uniform magnetic field, and (c) a non-uniform electric current and a uniform magnetic field. The first case has been reported in detail named "Liquid Film Motor". The two other cases are experimentally investigated here for a cubic an cylindrical cells. The rotational velocity patterns are obtained by PIV technique, and the results are discussed and justified by a preliminary estimation based on the torque exerted by magnetic fields on electric currents. From the log-log plot of angular velocity versus current, the non-linearity factors of the rotational flow for cylindrical and rectangular geometries are obtained.
I. INTRODUCTION
The prospect of manipulating the fluid flow by electric and magnetic fields with its various applications such as washers, mixers and drug delivery systems, have been the motivation for a wide range of studies on the electrically-and magnetically-driven fluid flow. Interaction of electric fields with fluids have been extensively studied by Melcher et. al. [1] [2] [3] , and electro-hydrodynamical instabilities has been investigated by Taylor 4 and Saville 5 . Related experimental studies also have been performed on electric fields to control and manipulate nano-and micro-sized particles in a fluid by Ramos et. al. 6, 7 .Faetti et. al. 8, 9 have investigated vortices which are produced on a suspended liquid crystal film while a sufficiently large electric current passes through the film. Morris et. al. 10, 11 have suggested that electric charges accumulated on the surface of suspended films produce these instabilities. Amjadi et. al. [12] [13] [14] have proposed a method for controlling the rotational flow on suspended films of fluid called "Liquid Film Motor". They have demonstrated that a simultaneous application of an electric field and an electric current produces a controllable rotation in suspended films. Liu et. al. 15, 16 have theoretically investigated such instabilities in presence of alternating fields and studied vibration in these systems. Fluid flow behaviour of ferrofluids is also investigated in presence of magnetic fields by Zahn et. al. 17 and Chaves et. al. 18 . In this paper, we investigate further all the possible cases in which electric/magnetic fields and electric current on the fluid could produce rotation. In the next section, we provide a theoretical background for the experimental set-ups to show the effect of external electric/magnetic fields and currents on the vorticity of a fluid. The set-ups are described in section III. Section IV describes our observations that when an electric or magnetic field is applied on a fluid carrying an electric current, a rotational flow is produced. These methods are applicable to surface and bulk liquids in macroscopic scales. As it is expected the direction and velocity of the flow can be controlled by the direction and strength of the electric/magnetic fields and the electric current. The results are justified by a preliminary estimation based on the force exerted by electric/magnetic fields on electric currents, ρ E + J × B.
The experimental results can provide a basis for novel techniques to design dynamic micro-pumps that are based on electrohydrodynamic and magnetohydrodynamic effects. Such devices have various applications a) Electronic mail: omid.sobhani@gmail.com such as micro-mixing, washing, pumping, especially in biology 19 , e.g. for drug delivery devices 20 , or more generally, in the fast-growing 'lap-on-chip' technology 21 .
II. THEORETICAL BASIS
In some fluid engineering applications, one needs to produce a controlled rotational flow in a fluid. As a local measure of rotation, vorticity is one of the major dynamical properties of a fluid; it is defined as ω = ∇ × v, where v is the velocity field of the fluid. Furthermore, fluid circulation γ, the macroscopic measure of rotation is the surface integral of vorticity, i.e. γ = C v · d l = S ω · d s, where S is the surface area inside an arbitrary closed curve C. The evolution of vorticity can be derived directly from the Navier-Stokes equation:
where ρ is the density, P is the pressure, τ is the viscous stress tensor and F is the "body force" term.
In steady-state conditions ( ∂ ω ∂t = 0), for an incompressible liquid, ∇ · v = 0, and since the fluid is assumed to be homogeneous, ∇ρ = 0. Also for an incompressible, homogeneous and Newtonian fluid, ∇ · τ = µ∇ 2 v, where µ is the dynamic viscosity of the fluid. Then Eq. 1 reduces to:
Eq. 2 is a relation between v, ω and F , and indicates that a rotational force, for which ∇ × F = 0, would change the vorticity of a fluid. In contrast, non-rotational forces like an electric charge in electric field cannot directly produce such a change.
In our experiments, we deal with electric/magnetic forces F E + F M which are rotational forces if ∇ × ( F E + F M ) is non-vanishing. The electric/magnetic force per unit volume in a fluid can be obtained as
where E and B are electric and magnetic fields, ρ e and J are electric charge and current densities, and P and m are electric and magnetic dipole moments. By applying the curl to Eq. 3, since ∇ × ∇φ = 0, one obtains
more explicitly,
Then using Maxwell equations,
along with the charge conservation equation, one obtains:
For steady-state flow conditions, i.e. 
In a conductive liquid, the current density J is related to both the electric field E and charge diffusion as given by the Einstein-Nernst equation,
where σ and D are conductivity and diffusion coefficients of the liquid, respectively. We can substitute
This equation explicitly shows that there are only three terms in which the torque or rotational force appears. Furthermore, we assume that the electric/magnetic fields E and B in the right-hand side of the previous equation can be approximated by the external electric/magnetic fields E ext and B ext , respectively; this implies that we will neglect the contributions from the electric and magnetic polarizations of the fluid in the first approximation. Therefore, Eqs. 2 and 11 are equal:
III. EXPERIMENTAL APPARATUS
Regarding the theoretical basis (see Eq. 12),only three terms contribute to ∇ × F EM . So one expects that only in this three cases, external electric or magnetic fields on current-carrying fluid produce a steady rotational flow. These three terms investigated in details experimentally as follows.
A. Application of electric field in absence of magnetic field
In absence of magnetic field the second and third terms of equation 11 vanish. Therfore the torque is:
The effect of this term is reported in a study on 'liquid film motor' 12,13 . Thin films always rotate in the direction of E × J and our previous experiments on different liquids implies that this simple rule is general. We use two electric power supplies to produce J and E ext . In experiments, in order to maxiaize the torque, the electric field and the electric current where choasen to be perpendicular ( E ext ⊥ J). The experimental set-up is shown in Fig 1. Contrary to the case for the liquid film, no rotation is observed in the bulk liquid; thus, the rotation is a surface effect. The reason for absence of rotation in bulk liquid is the short penetration depth of electric field in bulk liquid. In other word accumulation of charges on the interface between air and liquid causes the electric field to be screened.
B. Application of magnetic field
Here we investigate the case of bulk liquid. When a magnetic field is present and the external electric field is zero ( B ext = 0 and E ext = 0), one obtains for the bulk fluid,
Two different set-ups are designed to study the effect of the magnetic field. In both cases, the electrical conductivity of distilled water (used as the liquid) is increased to 13.37 mS/cm by adding sodium chloride (NaCl): (i) a uniform magnetic field B plus a non-uniform J are applied to the liquid; (ii) a uniform current J plus a non-uniform B are applied to the liquid.
Uniform magnetic field and non-uniform electric current
The set-up consists of a cylindrical cell (radius = 7 mm, height = 6 mm), with a plate-electrode at the bottom and a tip-electrode on top (Fig. 2) . In this way, we have a current gradient passing through the liquid.
We apply a uniform magnetic field in the vertical (z) direction and observe the flow of the fluid. The velocity field of the observed rotation is obtained at different electric currents and two values of magnetic The set-up consists of a cubic cell (xyz : 1×1×0.1 cm 3 ) with two identical plate electrodes on its opposite sides. A uniform electric current passes through the fluid while a non-uniform magnetic field is applied to the cell (Fig. 3a) . The magnetic field is projected onto the plane of fluid surface, schematically shown in Fig. 3b . To produce the non-uniform magnetic field we use two cubic magnets as shown in Fig. 3a . The vertical (z) component of the magnetic field is upward in one side, while it is downward in the other side.
We measure the velocity pattern inside the cubic cell while a current of magnitude 0.3 mA to 10 mA is passing through it. In this experiment, the maximum magnitude of the magnetic field B 0 are 0.21 ± 0.01 T and 0.32 ± 0.01 T . To investigate the effect of electric current J on the velocity field, we increase the applied electric current by increasing the voltage, and then perform velocimetry for each case. The data are plotted in Fig.4(c,d) for the two values of magnetic fields.
C. Velocimetry
After taking photos from tracer particles inside the liquid, Particle Image Velocimetry (PIV) was performed to plot the velocity vector field. The data are shown in Fig. 2e and Fig. 3d .
IV. RESULTS AND DISCUSSION
Regarding equation 11 there are only three terms in which ∇ × F = 0, and torque produces rotation flow.
A. Application of electric field in the absence of magnetic field
The first term
Our experiments indicate that application of an electric current plus an electric field produces no observable steady flows in the fluid bulk. The reason is the short penetration depth of electric field in conductive liquid. In contrast to the case when such a electric field and voltage are applied on a suspended fluid film, rotation have been stuied on water, polar liquids and suspended liquid crystal films [12] [13] [14] .
B. Uniform magnetic field and non-uniform electric current
The seccond term is an effect in bulk liquid. By applying a uniform magnetic field on the cylindrical cell in the vertical (z) direction, and a current between the tip and plate electrodes, the fluid starts to rotate. Let us mention here that uniform magnetic field and uniform electric current could produce force but not torque .The average rotational velocity depends on the magnitude of the electric current and the magnetic field. The measured velocity pattern is shown in Fig. 2e . To justify this rotation, we consider the magnetic force exerted on the electric current ( J × B ext ). The current consists of a vertical J z and a radial J r component. The exerted force on J z is zero, while J r × B ext produces a torque on the fluid (Fig. 2) and a rotational flow appears on the liquid.
C. Non-uniform magnetic field and uniform electric current
The third term is an effect in bulk liquid. By applying a non-uniform magnetic field on the rectangular cell and establishing a uniform current, the liquid starts to rotate (Fig. 3) . In this case, the magnetic field has two components, B parallel to the current and B ⊥ perpendicular to the current. The first component of force J × B is zero while the second one J × B ⊥ acts on the liquid, and causes the liquid to rotate. As shown in Fig. 3e , regardless of the charge of the flowing particle, the exerted force is upward in the right-hand side and downward in the left-hand side. This can explain the sense of the rotation.
The plot of average velocity versus electric current (Fig. 4(c,d) ) confirms that the velocity increases when the applied voltage is increased.
D. Angular velocity dependence on the electric current and magnetic field
We have used two different shapes of electrically insulating frames in our experiments: (i) a rectangular frame, in order to apply a uniform electric current and non-uniform magnetic field to the liquid, and (ii) a circular frame, to produce a uniform magnetic field and non-uniform electric current on liquid. Average angular velocity versus electric current and its log-log plot for two values of magnetic field are shown on Fig. 4 . These plots indicate two physical phenomena of non-linear systems. In a non-linear rotational flow, the dependence of angular velocity ω as a function of electric current J should have the form ω = βJ α where α is a positive value less than one indicating the non-linearity of the system. Taking the logarithm, one obtains log ω = log β + α log J.
The plot is a line with constant slope α which shows that the average angular velocity should be a power function of J. From our experimental data for cylindrical and rectangular cells, these coefficients were determined to be α • = 0.86 for the cylindrical and α = 0.63 for the rectangular cell. This implies that in the cylindrical cell less energy is required to produce rotational flow with a given ω, than in a rectangular cell with similar dimensions. Experimental data for two different magnetic fields B (Fig. 4.c and Fig. 4.d) shows that for higher magnetic fields the plot starts from higher values (log β). This simply implies that higher magnetic fields produce stronger forces on the fluid and consequently, it rotates with higher velocities.
V. CONCLUSION
We have studied the rotational behaviour of an electrically conductive liquid under the application of external electric/magnetic fields with different configurations. A fundamental theoretical basis supports the experimental set-ups in which we have observed the effect of rotational forces or toque (for which ∇× F = 0). The theoretical basis suggests three general cases: 1. A constant electric field perpendicular to an electric current on the liquid film, while magnetic field is zero. This is a surface effect.
2.
A constant magnetic field and a non-uniform electric current are applied in liquid bulk. The fluid rotates in the direction of ( B · ∇) J and the average rotational velocity increases by increasing the current or the magnetic field.
3. A non-uniform magnetic field and a constant electric current are applied in liquid bulk. The fluid rotates in the direction of −( J · ∇) B and the average rotational velocity increases with increasing current or magnetic field.
In the presence of a magnetic field from a log-log plot of average angular velocity of a conductive laminar flow through a porous medium versus the applied current, one can compute α 0 and determine the porosity of the medium.
As the experimental methods and results are applicable to fairly diverse situations, especially to the bulk fluid, they could be used to develop novel methods or designs for manipulation of fluid flow in many important areas including biology and small-scale industry, e.g. 'lab-on-chip' devices.
